We investigate the type IIA AdS 3 × S 3 × M 4 superstring with M 4 = S 3 × S 1 or M 4 = T 4 . String theory in this background is interesting because of AdS 3 /CF T 2 and its newly discovered integrable structures. We derive the kappa symmetry gauge-fixed Green-Schwarz string action to quadratic order in fermions and quartic order in fields utilizing a near BMN expansion. As a first consistency check of our results we show that the two point functions are one-loop finite in dimensional regularization. We then perform a Hamiltonian analysis where we compare the energy of string states with the predictions of a set of conjectured Bethe equations. While we find perfect agreement for single rank one sectors, we find that the product SU (2)×SU (2) sector does not match unless the Bethe equations decouple completely. We then calculate 2 → 2 bosonic tree-level scattering processes on the string worldsheet and show that the two-dimensional S-matrix is reflectionless. This might be important due to the presence of massless worldsheet excitations which are generally not described by the Bethe equations.
Introduction
Gauge / string dualities offer a fundamentally new view on how to understand strongly coupled systems [1] [2] [3] [4] . The most well studied case is the original example of AdS 5 /CF T 4 [1, 3] which relates string theory on AdS 5 ×S 5 to super Yang-Mills theory on the four dimensional boundary of AdS 5 . Another more recent incarnation is AdS 4 /CF T 3 , this time relating (in a certain limit) type IIA string theory on AdS 4 × CP 3 to a three-dimensional Chern-Simons matter theory [5] .
A rather remarkable fact is that most of the mathematical tools developed for AdS 5 /CF T 4 turns out to apply almost identically in the more recent AdS 4 /CF T 3 duality. As is well known by now, the underlying reason for this similarity of seemingly different theories is the existence of integrable structures. Or in other words, the existence of an infinite set of conserved charges which in principle allows for an exact solution of the spectral problem. The language of integrability allows for a reformulation of the spectral problem in terms of an abstract spin chain. The Hamiltonian acting on the spin chain can be diagonalized using Bethe Ansatz techniques which allows for the spectrum to be written down in a closed form, see [6] for a recent review on the subject. In the AdS 4 × CP 3 case there is one subtlety however which was not present in the AdS 5 × S 5 case and which is related to the fact that AdS 4 × CP 3 is not maximally supersymmetric. The standard proof of integrability of the string worldsheet theory [7] relies on a supercoset formulation. The supercoset sigma model [8, 9] can be obtained from the complete Green-Schwarz superstring [10] by (partial) gauge-fixing of the kappa-symmetry. It turns out however, that for certain configurations of the string this gauge-fixing becomes inconsistent [8, 10] and the supercoset model is not capable of describing all physical fermionic d.o.f. of the string. This is the case for example when the string moves only in the AdS 4 subspace or forms an instanton by wrapping CP 1 ⊂ CP 3 [11] . This suggests that a more general proof of integrability should be sought which does not rely on the supercoset description. First steps in this direction were taken in [12] where the classical integrability of the full Green-Schwarz string was demonstrated to quadratic order in fermions (the integrability was also shown to higher order in fermions in a truncated model), see also [13] (and for a slightly different approach see [14] ). (A similar problem appears in AdS 2 × S 2 × T 6 except there the supercoset model never describes all the physical fermions due to the low amount of supersymmetry, nevertheless the integrability of the Green-Schwarz action has been shown to hold to quadratic order in fermions [15, 13] .) In [16] an analysis of the integrable structures of yet another duality, namely AdS 3 /CF T 2 , was initiated. On the string side of the duality we have either AdS 3 ×S 3 ×T 4 or AdS 3 ×S 3 ×S 3 ×S 1 supported by RR-flux. For the first background the dual CF T 2 should be a two-dimensional sigma model on a moduli space built out of Q 1 instantons in a U (Q 5 ) gauge theory on T 4 . This is somewhat natural since AdS 3 × S 3 × T 4 arises as the near horizon limit of Q 1 /Q 5 intersecting D 1 /D 5 branes, [17] [18] [19] [20] [21] [22] [23] . On the other hand, the dual theory of AdS 3 × S 3 × S 3 × S 1 remains largely unknown, mainly due to the fact that the supergravity approximation fails to be as useful as in the other examples, see [24] . Nevertheless, it is possible to write down a supercoset sigma model for this case whose classical equations of motion allows for a Lax representation which ensures classical integrability [16] . By integrating the Lax connection around a closed loop one gets the monodromy matrix which can be used to generate an infinite tower of conserved charges. The finite gap method can then be used to reformulate the equations of motion in terms of a set of integral equations [25, 26] . These integral equations in turn can be seen as the semiclassical limit of a set of conjectured quantum Bethe equations which diagonalizes the exact S-matrix on the worldsheet [27, 28] . While the AdS 3 × S 3 × M 4 solutions of supergravity allow for pure NSNS flux, and thus opens for a exact solution using the representations of chiral algebras [17, [29] [30] [31] , the string appearing in the AdS 3 /CF T 2 considered here is supported by RR flux. This means that the proper description is the GS string which is more complicated. What is more, the superisometries of AdS 5 /CF T 4 and AdS 4 /CF T 3 have 32 and 24 supercharges respectively while the duality at hand only has 16, making it even less symmetric than the higher dimensional examples of integrable gauge string dualities. In this paper we will work with the GS string action up to quadratic order in the fermions. We will see that the subtleties that appear in the AdS 4 × CP 3 case are also present here. In this case the kappa-symmetry gauge-fixing which reduces the GS string to the supercoset model becomes inconsistent when the string moves only in AdS 3 ⊂ AdS 3 × S 3 × S 3 × S 1 or in AdS 3 × S 3 ⊂ AdS 3 × S 3 × T 4 . However we expect that just as in AdS 4 × CP 3 and AdS 2 × S 2 × T 6 it should be possible to prove the classical integrability of the full GS string to quadratic order in fermions also in this case along the lines of [12, 13] , although we will not address this question in the present paper. The (super)isometries of AdS 3 ×S 3 ×S 3 form two copies of D(2, 1; α) which is an exceptional supergroup with a free parameter α ∈ [0, 1] [32]
1 . The parameter α enters the invariant bilinear form and can be related to the background geometry though the relation
where R ± are the S 3 radii and R is the AdS 3 radius. This allows for a trigonometric parameterization as
A few special cases are worth mentioning. If we take one of the S 3 radii to infinity, we effectively decompactify that part of the geometry. That is, starting from the AdS 3 × S 3 × S 3 × S 1 string and sending one of the R ± with the S 1 radius (which is arbitrary) to infinity we should end up with AdS 3 × S 3 × T 4 . For this reason it should be possible to write down a sigma model parameterized by φ (or, equivalently α) that can incorporate both backgrounds in one unified description. Indeed, this was done in [16] . What is more, for α = 0, 1 2 , 1 (corresponding to the T 4 and equal S 3 radii cases), the finite gap method was used to propose a set of quantum Bethe equations [16] . These were subsequently generalized to general α in [33] . One motivation for the present paper is to compare and augment the proposals of [16, 33] with explicit string calculations. While computations have been performed on the string side for the
case [34] [35] [36] [37] [38] [39] very little has been explicitly computed for general α.
2
In order to perform any worldsheet calculations, the string Lagrangian is needed and we will use a near BMN expansion up to quartic order in the number of fields (but only quadratic order in fermions). As an independent consistency check we show that the theory is finite at one-loop order in dimensional regularization. As a first test of the conjectured Bethe equations we compare their predictions with energies of string states. While this is only a tree-level computation, it is nevertheless an important consistency check to verify that the spectrum agrees. As we will describe in the paper, we find at least partial agreement. For the rank one sectors the agreement is perfect for arbitrary number of string oscillators (or equivalently, Bethe roots). However, looking at a product SU (2) × SU (2) sector we find that the string energies in the mixing sector cancel between cubic and quartic contributions from the string Hamiltonian. This implies that in order for the Bethe equations to reproduce the string calculation, the length parameter L of the Bethe equations should not mix the two sectors. This does not necessarily conflict with the results of [16] since these effects would be subleading in L. Thus they should not change the semiclassical, L → ∞, limit and the integral equations of [16] should still be reproduced.
We then set out to investigate some properties of the worldsheet S-matrix. In the string sigma model there are heavy, light and massless modes. While the first two are incorporated by the Bethe equations as fundamental and composite excitations, the massless modes are absent. They do however appear as internal states (as intermediate lines in Feynman diagrams) but it is not possible to assign explicit excitation numbers to them. Thus it might be desirable to extend the Bethe equations in a way so that this is possible. We address this question by showing that the reflection part of the worldsheet S-matrix is zero. This is a nice feature since it, in principle, makes it rather straightforward to add the massless modes by hand as a direct sum. We also collect all the remaining light to light bosonic scattering processes in the appendix.
Outline
We start out by writing down the Green-Schwarz superstring action to quadratic order in fermions using geometric quantities such as the vielbeins, the spin connection and the RR flux in section 2. We then discuss the kappa-symmetry gauge-fixing of the action and show that in certain cases the kappa-symmetry fixing which would lead to the supercoset sigma model is not admissible, implying that for certain string configurations the supercoset model is not able to describe all the physical fermionic degrees of freedom on the worldsheet. We use the standard light-cone type kappa-gauge which does not suffer from this problem.
In section 3 we turn to a perturbative analysis where we start out by fixing the bosonic lightcone gauge [41, 42] . We then expand in transverse bosonic and fermionic string coordinates and we write down the theory up to quartic order in fields (but only quadratic order in fermions). As a first consistency check we show that the theory is one-loop finite in dimensional regularization.
We then turn to an analysis of the Hamiltonian in section 4 by comparing the Bethe equations of [33] with string energies. Since the string Hamiltonian has both cubic and quartic interaction terms the actual computation boils down to second order perturbation theory. This, however, can be reformulated in terms of an equivalent first order computation by utilizing a canonical, or unitary, transformation of the Hamiltonian [42, 43] . The classical 3 energies we compare with the Bethe equations, comes from string states in an SU (2) and SU (2) × SU (2) subsector. While we find complete agreement for the rank one sector, we find that there are some issues with the product sector. In order for the Bethe equations to reproduce our findings the length parameter L needs to be different for the two sectors. While we do not fully understand the implications of this, one possible explanation is that we simply have two disconnected spin chains.
In section 5 we show that the reflection piece of the (bosonic) worldsheet S-matrix is zero. We show this explicitly by computing 2 → 2 scatterings (of bosons) on the string worldsheet. While we only present a tree-level computation here, we suspect this to be true in the quantum case also. In the appendix we also compute the scattering and transmission part of the (bosonic) S-matrix. However, since the exact S-matrix is not known we can not compare our findings with anything.
We end the paper with a short summary and discussion about interesting future problems.
2 Green-Schwarz superstring in
In this section we write down the Green-Schwarz (GS) superstring action up to quadratic order in fermions. For notational details, see appendix A.
GS superstring to quadratic order in fermions in general background
The action for the GS superstring in a type II supergravity background (with zero background fermionic fields and NS-NS flux, and constant dilaton φ 0 ) takes the following form up to quadratic order in fermions [46, 47] 
(2.1) The e A (X) (A = 0, 1, · · · , 9) are worldsheet pullbacks of the vielbein one-forms of the purely bosonic part of the background ( * denotes the worldsheet Hodge-dual), and the generalized covariant derivative acting on the fermions is given by
where Ω AB is the spin connection of the background space-time. The coupling to the RR fields comes through the matrix
3 Classical means that we ignore normal ordering effects which, together with terms arising from the unitary transformation, should combine into finite size effects, see [44, 45] . 4 The string coupling g should be related to the background geometry as
, where R is the AdS curvature radius. How √ λ should be defined in the dual CF T 2 is not yet known. In most equations we will put g = 1 for simplicity. 
where C is the charge conjugation matrix (when needed we use the Γ-matrix representation given in appendix C of [16] ). We now turn to the specific background of interest here, where φ 0 is the (constant) dilaton and we use units where the AdS 3 radius is one. The D = 10 index A = 0, . . . , 9 splits up into four sets of indices -an AdS 3 index a = 0, 1, 2, the first and second S 3 indicesâ = 3, 4, 5 and a = 6, 7, 8, and the S 1 index 9 and vielbein e 9 = dy, where y is the S 1 coordinate.
Using the form of F 4 in (2.3), we obtain 6) where γ * = 1 3! Γ cba ε abc = Γ 012 , γ 2 * = 1 and P is a projection matrix given by
This is in fact the projector which singles out the 16 supersymmetries preserved by the background. To see this one can look at the supersymmetry variation of the dilatino. It takes the form
For the 16 supersymmetry parameters which satisfy = P we find δλ = 0 which means that these correspond to the supersymmetries preserved by the background. Correspondingly the fermions Θ can be split into 16 + 16 as
The 16 ϑ correspond to the supersymmetries preserved by the background and the 16 υ to the broken supersymmetries. We refer to the former as coset fermions and the latter as noncoset fermions since a supercoset formulation only describes the fermions which correspond to unbroken supersymmetries. Using the explicit form of / F in the action (2.1) we find that the quadratic fermion Lagrangian takes the form (from now on we drop the worldsheet form notation)
where i, j are worldsheet indices and γ ij = √ −gg ij is the Weyl-invariant worldsheet metric satisfying det γ = −1.
Kappa-symmetry gauge fixing
The Green-Schwarz superstring action is invariant under local fermionic transformations of the target space coordinates Z M = (X M , Θ µ ) which take the form
where κ β (ξ) is an arbitrary 32-component spinor parameter, (E A , E α ) are the background supervielbeins and
β is a spinor projection matrix with This kappa-symmetry can be used to gauge away 16 of the 32 fermions but exactly which ones may be gauged away may depend on the motion of the string since Γ depends on this through the pull-back of the supervielbeins E i A . Let us consider a gauge-fixing of the form
where M is some 32×32 matrix which imposes some n-dimensional projection of Θ to vanish (n ≤ 16). By analyzing a (linearized) kappa-symmetry transformation of this gauge-fixing condition, using the fact that
, one finds that for the gauge-fixing to be admissible there are essentially two possibilities 5 : Either M coincides with the kappa-symmetry projector 1 2 (1 + Γ) in an n-dimensional subspace of the space it projects on or M is independent of Γ but
(see also the discussion in section 3 of [48] ). Let us now consider the implications of this fact for the present case.
If we want to describe the string as a supercoset sigma model we should choose the kappasymmetry gauge-fixing which sets the 16 non-coset fermions to zero,
(2.14)
5 In principle intermediate cases could be considered but they will not be relevant here. 6 This is a necessary, but not always sufficient, condition (M 1 2
(1 + Γ) still has to have rank n).
According to the above discussion and using the form of P in (2.7) we see that, for generic φ, this gauge choice is not possible if the string moves only in the AdS 3 subspace since in that case
For the special case φ = 0, i.e. AdS 3 × S 3 × T 4 , the situation is worse and the gauge-fixing is inconsistent if the string motion is in the AdS 3 × S 3 subspace. The same holds, of course, for the opposite gauge-fixing which sets the coset fermions to zero, ϑ = PΘ = 0. We conclude from this that for these configurations of the string, the physical fermions consist of eight coset fermions related to supersymmetries and eight non-coset ones related to broken supersymmetries. Therefore the supercoset sigma model will not describe all physical fermions for these string configurations. This is essentially the same problem that occurs in the case of the AdS 4 × CP 3 superstring [8, 10] . For this reason we will avoid using the gauge that gives the supercoset model which was used in [16] . We will be interested in the BMN-expansion around a string moving along an S 1 in the first S 3 factor and an S 1 in the second S 3 such that they make some angle β. The case β = 0 corresponds to the string moving only along an S 1 in the first S 3 while β = π/2 corresponds to the (essentially equivalent) case of the string moving only in the second S 3 . The kappa-gauge that we will impose is therefore the standard one involving the light-cone Γ-matrices adapted to the BMN geodesic,
The matrix M used in the kappa gauge-fixing can be thought of as the projection matrix −4Γ − Γ + and it is not hard to see that for this string configuration it coincides with the kappa-symmetry projection matrix (1 + Γ 11 ) commutes with the kappa-symmetry projector this gives only 8 instead of the 16 gauge-conditions needed. It therefore appears that this standard gauge-fixing would be incomplete. The resolution of this puzzle is that when we fix also the bosonic lightcone gauge, x + ∼ τ , x − is fixed by the Virasoro conditions in terms of the other fields and this turns out to remove any would be freedom to perform further kappa-symmetry transformations. Therefore consistency with the Virasoro conditions guarantees that the gauge-fixing is complete also in this case.
Light-cone BMN expansion of the action
We will study an expansion in transverse coordinates utilizing a BMN-type expansion [49] . First, we consider the lowest order quadratic theory with β, the angle the geodesic makes in the (5, 8)-plane, arbitrary and then when going to higher order in perturbation theory we will consider only the case β = φ for simplicity. The first thing we should do is fix the residual (bosonic) worldsheet symmetries. The gauge we will employ is a uniform light-cone gauge [41, 42] , where the light-cone coordinates adapted to the BMN geodesic are chosen as
1)
with the ϕ 5 and ϕ 8 being the relevant angle coordinates of S 3 × S 3 . The light-cone gauge means that we align the worldsheet time coordinate with x + through
where p + is the conjugate worldsheet momentum density of x − . In the near BMN limit the gauge-fixed Lagrangian has an expansion in the number of transverse fields as
where the subscript denote the number of transverse coordinate in each term. To leading orders in perturbation theory this gauge is also consistent with the conformal gauge, i.e. a flat worldsheet metric. However, at quartic order in the transverse field expansion this gauge fails to hold and we need to add higher order corrections to the worldsheet metric.
Quadratic Lagrangian, β arbitrary
In the BMN limit parameterized by the angle β the bosonic terms in the Lagrangian (2.1) reduce, at quadratic order in fields and using conformal gauge γ ij = η ij , to (see Appendix A for the parametrization)
The spectrum consists of four pairs of bosons with masses m = 1, cos β cos φ, sin β sin φ, 0 . (3.5)
We now turn to the fermionic terms. As can be seen from the Lagrangian (2.1), using (2.2) and (2.6), to leading order the contributing pieces of the vielbein and / F are given by
where Γ + is defined in (A.6) and
Since these projectors are products of two commuting projectors, which project onto 16-dimensional subspaces, P ±± project onto an 8-dimensional subspace. Fixing the kappa, light-cone and conformal gauge the lowest order Lagrangian for the fermions becomes
Thus we see that for generic β and φ, there are four two-component fermions Θ ±± = P ±± Θ of mass m ++ , m +− , m −+ , and m −− , respectively. For the special case β = φ we see that we have four pairs with masses
which coincide with the bosonic mass spectrum of (3.5), and therefore the maximum amount of worldsheet supersymmetry is preserved in this case. In order to simplify our analysis we will only consider this case from now on.
Quadratic and cubic Lagrangian with β = φ
In order to keep the expressions tractable, we will from now on focus on the case where β = φ [16] . We start out by introducing new variables so that (3.8) has a nice two-dimensional form. This can be done using the explicit representation of Θ in appendix A, together with
Rescaling the fermionic fields
χ ± , and using ∂ ± = (∂ 0 ± ∂ 1 ), we get
where
Thus, all in all, we have 8 B + 8 F that come in pairs of equal masses. The conformal and light-cone gauges are also compatible at cubic order and expanding the Lagrangian (2.1) we find ( / F is still effectively given by (3.6) at this order)
where the hermitian conjugate is defined in the standard way, χ − χ + † = χ + χ − . Time and spatial derivatives are denoted by dots and primes, respectively. Also, note that for the φ = 0 and φ = π/2 cases, the entire cubic Lagrangian vanishes, as expected from the AdS 3 × S 3 coset
formulation.
There are three obvious U (1) charges: one U (1) AdS from the transverse AdS 3 and two U (1) ± from S 3 ×S 3 . Demanding that the cubic Lagrangian be neutral, we can easily read off the charges of the fields (see table (1)). Before we end this section, let us point out one important property of the cubic Lagrangian. It is clear that the only decay processes possible for the heavy modes y 1 and χ
± are
Boson:
so the heavy modes decay into two light ones. This property was observed also for the AdS 4 ×CP 3 string which exhibits a composite heavy mode [50] . While the above observation of heavy to light-light decay is certainly no proof of a composite heavy mode, it lends support to similar claims made in [16, 33] . We plan to investigate this question further in an upcoming paper.
Gauge-fixing the worldsheet metric
For technical reasons, it is easiest to fix the light-cone gauge by adding higher-order corrections to the worldsheet metric. As we mentioned, the light-cone gauge
is compatible with the conformal gauge for the cubic Lagrangian. However, with the quartic interactions included, the second condition fails to hold. In fact the problem comes only from the purely bosonic part of the Lagrangian. The consistency of the gauge depends on the equation of motion for x − (which we assume to be at least quadratic in the number of transverse coordinates) and the fermionic contribution comes from
which is obviously zero in the kappa-gauge Γ + Θ = 0. Thus, the momentum conjugate to x − contains no fermionic terms and therefore any modification of the conformal gauge will only contain the bosonic fields. If we assume that the worldsheet metric receives quadratic corrections as γ = η +γ, wherê γ is quadratic in fields, then we find that 
(3.15)
In the limiting cases φ = 0 and φ = π 2 , the pure AdS 3 × S 3 piece is a direct truncation of the AdS 5 × S 5 result given in [42] . For the remaining terms relevant for the one-loop computation in the next section, see appendix B.
One-loop finiteness
As a first probe of the quantum consistency of our action for the
we will show that the model is finite in dimensional regularization. That is, if we consider oneloop corrected two-point functions for the bosonic coordinates y i , we observe that all 1/ terms cancel. For arbitrary φ, we have both cubic and quartic interaction terms giving rise to bubble and tadpoles diagrams 9 . The tadpoles built out of three-vertices are all zero, and the divergent terms arising from the bubble and tadpole diagrams cancel between each other. The various loop diagrams encountered are regularized using the standard integral representation
For the bubble diagrams, the divergent integrals are I 1 2 (∆), corresponding to a logarithmic divergence in hard cutoff. For the tadpoles, on the other hand, we have both I 1 1 (∆) and I 0 1 (∆) integrals giving logarithmic and quadratic divergences for a hard cutoff. In order to evaluate the contributing diagrams, we sum all the terms arising from the cubic and quartic vertices, where the relevant terms for the latter are collected in (B.1). Since these constitute quite a large number of terms, the actual computation is rather involved, but after some effort we find
and
where i denotes the bosonic direction. Thus we see that the 1/ terms cancel between the tadpoles and bubbles. In the limiting φ = 0 and φ = π/2 cases, where there are no cubic terms, we see that the two-point functions are manifestly finite. Before ending this section, we should note that in order to determine the finite part of the spectrum, dimensional regularization is not a suitable regulator for the loop integrals [51] , see also [52] [53] [54] [55] [56] [57] [58] . The reason is that in order to maintain unitarity, one should choose a cutoff such that the decay processes, originating from the cubic Lagrangian, are energetically allowed [44] (see also [59] ). The divergent terms, on the other hand, are not sensitive to these issues, but in order to determine the finite part unambiguously, one needs to regularize the theory properly 11 .
We plan to return to this question in future work.
Hamiltonian analysis
In this section and the next, we will focus on the classical, or tree-level, sector of the string theory. We will start out by calculating energy shifts for an arbitrary length bosonic excitation, and compare this calculation with a conjectured set of Bethe equations. In [16] and [33] Bethe equations for d(2, 1; α) were proposed. These are conjectured to predict the energies of string states for general values of φ. As was the case in AdS 4 ×CP 3 , the light modes are the fundamental excitations in the exact solution and the heavier modes are described as composite states of two light modes. How the massless modes enter is not completely clear. For certain simplifying values of φ, the equations seem to capture the full critical spectrum, but in general, the situation seems to require further investigation [33] .
Energy shifts
A very natural set of observables, from a worldsheet point of view, are energy corrections around a BMN vacuum [49] . The way to calculate these for closed strings in various AdS / CFT backgrounds is, by now, a rather well-established procedure [60] [61] [62] [63] 45, 64, 43, 65] . The starting point is the free quadratic BMN Lagrangian, which allows for an exact solution in terms of string oscillators. With the quadratic piece diagonalized, one then calculates the corresponding higher-order corrections to the energy perturbatively. In order to obtain the energy shifts, we need the string Hamiltonian. We will calculate energy 10 These expressions are evaluated close to the bare pole, p 0 = m 2 i + p 2 1 .
11 There still seems to be a bit of uncertainty in how to regulate the AdS 4 × CP 3 string properly. In the recent and interesting paper [59] the authors argue for using a regularization method yielding a different finite result than the unitarity based method.
corrections to bosonic modes, mainly focusing on the light modes y 2 and y 3 . This has the pleasant advantage that we only need the purely bosonic Hamiltonian which we can immediately derive from (3.11), (3.13) and (3.15) using the Legendre transformation, where the ellipses indicate flavor-mixing terms, which will not contribute to our calculation. The oscillator expansion that diagonalizes the quadratic Hamiltonian is given by
We will calculate the energy corrections to several string states. First, we will consider states built out of one kind of string oscillator
We shall also consider one more general state which takes values in both S 
where all mode numbers are distinct for simplicity, and |0 is the BMN vacuum annihilated by all lowering operators. Note that, for both the single flavor and product states, switching oscillators a i and b i gives identical results. However, when the fermionic interaction terms are included, some of these states should mix since they are degenerate. The states above will not mix though, since it is not possible to construct other excitations with the same U (1) charges and leading-order energy (see table 1 ). Since, for arbitrary φ, we have cubic interactions, we need to consider second-order perturbation theory, either by explicit calculation or by performing a unitary transformation such that the physical information of the cubic piece is rewritten in terms of quartic interactions (see [42, 43] ). Evidently, both methods are completely equivalent and importantly, they give rise to terms that need to be regularized. Also, in the case of a nonvanishing cubic piece, the resulting quartic Hamiltonian is most probably not normal ordered. In principle, this gives quadratic normal ordering terms subject to some regularization procedure. The cubic and quartic regularization terms combine into quantum and finite-size effects. In the near-BMN limit, where the coupling is not strictly infinite, the finite-size effects correspond to the finite extension of the string worldsheet. For the AdS 4 × CP 3 string, these combined into Lüscher-like finite-size corrections (see [45] ). We suspect that the same type of exponentially suppressed terms will appear also for the AdS 3 × S 3 × S 3 × S 1 string.
Since almost nothing is known about the quantum theory, we will only consider the classical contribution to the spectrum in this paper. That is, we will simply ignore the terms that need to be regularized (see [63, 43] 
where the r, s, t sums are over the four bosonic flavors, the ± labels denote the number of creation/annihilation operators, and the integral is over mode numbers (see [42, 43] for details). Thus, it is clear that for certain values of k, l, m, the denominator in the second term can be zero. This is an IR effect and only happens when the mode number of the massless coordinate becomes zero. In order to address this, one should introduce a small non-zero mass, m 4 , and only in the end send this to zero. Using (4.1), together with the method described above, it is straightforward to derive the energy shifts for the states in (4.2) and (4.3). A rather lengthy calculation gives (see [43] for details)
However, note that we expect the spectrum to be exact in the limiting φ = 0, π/2 cases where the cubic Hamiltonian vanishes.
∆E(p
where the subscript of the square bracket denotes whether the contribution originates from the cubic or quartic Hamiltonian. While both cubic and quartic contributions are rather involved, it is gratifying to see that the sum of the two simplifies. For the SU (2) × SU (2) sector, we see that the mixing sector exactly cancels out, and the total energy is just the sum of the two distinct SU (2) sectors 13 . Note that for the y 1 coordinate, the energy is, up to an overall sign, the same as the SU (2) sector of AdS 5 × S 5 [42] . Likewise, for φ = 0 and φ = π 2 , we see that, up to a sign, the SL(2) result of [42] is reproduced.
Bethe equations
The Bethe equations should encode the spectra of both the light and massive coordinates. However, since the heavy mode y 1 enters as a composite excitation in the exact solution, it can be rather involved to obtain its solution from the Bethe equations. For this reason, we will only try to reproduce the energies of the light excitations here.
The procedure is as follows: The starting point is the conjectured Bethe equations of [33] . These are expressed in terms of Zhukovsky variables x ± and the length L of the abstract spinchain. The ground state of the spin-chain is related to the BMN vacuum which is proportional to √ λ >> 1. In order to reproduce the string spectrum one needs to expand the Bethe equations at strong coupling and solve for the rapidity momentum p k which parameterizes x ± . Having obtained the (perturbative) solutions for p k one can then plug this into the magnon dispersion relation which in turn gives a prediction for the energy which we match against the string calculation. For details of this procedure we refer the reader to [42, 64, 43] .
SU(2) sector
The energies (4.4) of the states (4.2) should be reproducible from the equations of [33] reduced to a rank-one SU (2) sector given by
where L denotes the length of the spin-chain. Since we are looking at BMN states, L ∼ g ∼ √ λ. While the structural forms of these equations are exactly the same as for the SU (2) spin chain in AdS 5 × S 5 , the Zhukovsky map is slightly different
depending on the type of excitation. If we use the notation x ± and y ± to denote excitations with mass cos 2 φ and sin 2 φ respectively, then a good parameterization solving (4.6) is [50] 14
The function h(λ) has a leading order strong-coupling expansion given by [16, 33] 
For large values of h(λ), σ(x k , x j ) is a slightly modified AFS phase [67, 33] σ(
Given a solution of (4.5), the corresponding energy and momentum are given by 10) where the first equation shows that the magnons have a dispersion relation given by
14 A comment on notation: What we call x
where the masses are given in (4.7). In order to solve (4.5) we need to express the length, L, of the spin chain in terms of string theory variables such as the energy, angular momentum and excitation number (A). For φ = 0 and φ = π 2 the Bethe equations collapse to the rank one equations of P SU (2, 2|4) [33] . Furthermore, for these two values of φ the cubic Lagrangian vanishes and the relevant quartic terms are identical to the AdS 5 × S 5 case [42, 64] . Thus, following [64] it becomes clear that the length L is expressed as
where E is now used to denote the leading-order piece of (4.10),
Focusing on the φ = 0 case, we find that the equations collapse to 12) and the solution to these equations nicely matches (4.4) [42] . In order to arrive at the above equation, we made use of the following nice identity for the AFS phase [64] :
which vanishes for β = 1/2 and φ = 0 15 .
In order to reproduce the energies (4.4) for general φ, the length of the spin chain has to equal
We would like to stress that this relation is fixed uniquely, which is easy to see if one, for example, expands in small mode numbers. With this L, (4.13) is zero and the Bethe equations become
and we have the constraints
The dispersion relation (4.11) expands as
where we slightly abused the notation and denote p k as the mode number of the oscillator 15 The identity only holds when the momentum constraint (4.10) is satisfied.
state and p 1 k is the subleading piece of the magnon momentum which we solve for using (4.15) . Also note that ω without any subscripts refers to the masses (4.7). The index i is either 2 or 3 depending on the excitation. Using the explicit solution of p 1 k immediately reproduces the energies of the rank-one sectors, ∆E(p A ) 2 and ∆E(p A ) 3 in (4.4).
SU(2) × SU(2) sector
Here we want to reproduce the ∆E 23 -shift from the Bethe equations. The largest compact subalgebra of d (2, 1, α) is su(2)×su(2). At weak coupling, the spin chain is that of two decoupled Heisenberg chains related only via the momentum constraint. At strong coupling, we expect the situation to be similar to the AdS 4 × CP 3 string, which also contains a closed SU (2) × SU (2) sector [66, 63] .
From [16, 33] , we deduce that the ∆E 23 -shift should be encoded in
augmented with
The parameter L now relates the two equations and following AdS 4 /CF T 3 it should be given by [64, 43, 63 ]
If we impose that each subset of mode numbers are separately zero (and distinct), = y
Solving the above and using the solutions in (4.16) we find
which does not reproduce (4.4) -the last line is not zero. Even in the limiting φ = π/4 case, we still do not find agreement. We do not know the origin of this mismatch. Perhaps this is a hint that the Bethe equations of [16, 33] actually describe two spin chains, completely unrelated in the SU (2) × SU (2) sector. We can reconcile the above with the string theory calculation if we assume the parameter L to be distinct in each SU (2). That is, taking
for each sector would reproduce the results of (4.4) since the first terms in the RHS of (4.20) vanish. We would like to stress that the expression for L written above is fairly unique. It is very hard to implement a mixing between the two sectors (for example by adding B and A excitations in L 2 and L 3 respectively) without contradicting (4.4) or the S-matrix processes in (C.1). It would be very interesting to investigate this in more detail. For example, one could calculate the full worldsheet S-matrix and from there construct the (string) Bethe equations.
Tree-level scattering
In order to understand how to properly include the massless modes in the exact solution, we will study how they enter the S-matrix of worldsheet scattering processes. We will study some simple 2 → 2 scattering amplitudes for the bosonic particles. Since the exact S-matrix is not known, we are not able to explicitly compare the amplitudes but we do however show that the S-matrix is completely reflectionless. If this is true for the all-loop case, this means the massless modes enter diagonally in the Bethe Ansatz, making it easier to generalize them for the full critical spectrum (see [6] and references therein).
Reflectionlessness of the S-matrix is a somewhat unusual property which was also observed for the AdS 4 / CF T 3 duality [68] [69] [70] . Under the natural assumption that the S-matrix is also reflectionless at weak coupling, this could shed some light on the unknown CFT 2 dual of the
The worldsheet S-matrix can be separated into three parts:
(yy → yy) ,
(yy → yy) .
The S-matrix expands as Below, we will show that the R piece is zero for all bosonic 2 → 2 scatterings. We provide the light-to-light scattering and transmission components of S and T in appendix C.
Light-to-light reflections
We start by considering light-to-light processes. In two dimensions, the particles can either keep or exchange their momenta. Except at the special value φ = π/4, the masses of y 2 and y 3 are different which means reflections of these coordinates are trivially zero due to energy conservation,
Thus, the processes we need to consider for general φ are y i y i → y i y i and the more general y i y j → y k y l case at the special point φ = π/4. Ignoring the external leg and overall momentum delta-functions, we find R y 2 y 2 → y 2 y 2 :
and for the special case of φ = π/4 we have
where the subscripts s and t denote the relevant three-vertex diagrams, and c denotes the fourvertex contact contribution. From the above, we thus see that the reflection part of the S-matrix is indeed zero.
Light-to-massless reflection
The presence of the massless modes is a new feature of the AdS 3 / CFT 2 duality. While they enter as normal excitations on the worldsheet, they are complicated to incorporate in the Bethe Ansatz equations since the finite gap method fails to work. In the limiting cases φ = 0 and φ = π/2, new reflection processes are allowed energetically. For example, at φ = 0, the y 3 y 4 → y 4 y 3 process is not trivially zero. Of course, the same holds for the other case φ = π/2, this time the processes involve y 2 and y 4 . For these special values of φ, the cubic piece (3.13) vanishes and we only have the contact terms. An easy calculation shows that
With this we conclude that the S-matrix of the AdS 3 / CFT 2 integrable system indeed seems to be reflectionless, at least at tree-level. Of course, to check also the S-matrix for the fermions one would need the action to quartic order in fermions, but supersymmetry suggests that this property should also hold in the fermion sector.
Summary
We have performed a rather extensive study of the type IIA AdS 3 × S 3 × S 3 × S 1 GreenSchwarz superstring up to quadratic order in fermions and discussed issues with fixing its kappasymmetry. We derived the near BMN expansion of the Lagrangian with quadratic fermions up to quartic order in fields. As a first consistency check, we demonstrated that the one-loop corrections to the two-point functions, built out of the four complex coordinates y i , were finite in dimensional regularization. Both the three-and four-vertex diagrams are separately divergent, but the sum of the two is finite. We then performed a Hamiltonian analysis and compared SU (2) string states with predictions from the conjectured Bethe equations of [33] . For the rank-one sectors, we found perfect agreement, while we did not fully understand how to match the product, SU (2) × SU (2), sector. As it turns out, the string energies arising from the mixing sector exactly cancel between cubic and quartic interaction pieces. This means that, in order for the Bethe equations to reproduce the string calculation, the rank-one equations should decouple completely. A natural way to achieve this is if L has different subleading corrections, distinct for each sector. We are not sure how to interpret this result, and further investigation is probably needed. Note, however, that our result is not necessarily in conflict with [16, 33] since the subleading effects in L would not show up in the semiclassical limit, and hence the integral equations of [16, 33] should remain the same. In the last section of the paper we investigated 2 → 2 scattering processes for bosons on the worldsheet. We showed that, at least at tree-level, the two-body S-matrix is reflectionless; this somewhat odd property was also observed in the AdS 4 /CF T 3 duality [68] . This might be a useful finding if the Bethe equations have to be extended in order to incorporate the massless modes as fundamental excitations.
A natural continuation of the present paper would be to perform a proper quantum computation. While we verified that the theory is one-loop finite, it would definitely be interesting to compute the subleading term in (4.11) from the string theory side. This was, for example, done for the AdS 4 × CP 3 string in [51] . However, since the worldsheet fields come with different masses, one has to be very careful with the regularization. We plan to return to this question in the future. Another interesting line of research would be to calculate one-loop corrections to the energy along the lines of [71] .
It would also be interesting to verify the integrability of the full GS string (up to quadratic order in fermions) in this background as has been done for where the sin and cos factors are there to ensure the triangle identity between the curvature radii (1.1) and the AdS 3 radius is set to one. We choose the following global coordinates [72] where ϕ 5 , ϕ 8 are the S 3 angles which we single out and {x 1 , x 2 }, {x 3 , x 4 }, {x 6 , x 7 }, x 9 are the transverse coordinates. In order to have a smooth interpolation between different values of φ, we will also scale the S 3 coordinates as (ϕ 5 , x 3 , x 4 ) → cos φ(ϕ 5 , x 3 , x 4 ), (ϕ 8 , x 6 , x 7 ) → sin φ(ϕ 8 , x 6 , x 7 )
which allows for nice T 4 limits when φ = 0 or φ = π/2.
The vielbeins can be read off immediately from (A.1) and (A.2). The spin connection of the background is also needed and can be computed from the vanishing of the torsion where the angle β gives the direction in the (5, 8)-plane of the geodesic we are interested in. We will use the Γ matrix notation of [16] with the light-cone combinations defined as where the ellipses denote parts not relevant for the computation. 16 To keep the expression as compact as possible we here denote ∂ + with dot and ∂ − with prime.
C Light to light scattering
Here we collect the S and T pieces of the light to light S-matrix, 
